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Abstract— We presenta possiblestrategy for filling the missing
data of the CATS benchmark time seriesprediction competition.
Our approach builds upon an appropriate embedding of this
time series and the use of bagging of multilay er perceptrons
(MLPs). We exploit time-reversal symmetry for prediction within
the first four gaps, linking the missing state to symmetrically-
located information both in the past and futur e. One-shot
forecastingis then performed for eachmissingvalue fr om distant-
enough delays. The suitability of the proposed embedding is
assessedempirically by � -testing the goodness-of-fitof models
built in symmetric versus asymmetric input spaces.Since this
approach cannot be pursued for forecastingthe continuation of
this time series, in the right end we perform standard, non-
iterated forward predictions. Expectederror levels are provided
according to performance on test data.

I . INTRODUCTION

In this paper we explore a possible forecastingstrategy
for the CATS benchmarktime seriespredictioncompetition.
Following the usual practice,we start by assumingthat the
underlyingprocesscanbemodeledin a � -dimensionalpseudo-
phasespaceaccordingto
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where ������������������� ���"!#!�!���� ���%$'&(�%	*)+� � is the standardhomoge-
neoustime-delayedembeddingdefinedby lag , anddimension
� [1], 
 is the –possiblynonlinear– dynamicsto be estimated
from the data,and ��� is someresidualnoise.However, aswe
shall seein the following Section,aftersomeexploratorydata
analysiswe will build a non-homogeneousembeddingand
latermirror this framework to exploit time-reversalsymmetry.
In the last Sectionwe studythe performanceof ensemblesof
MLPs in predictingthe missingdata.

I I . EXPLORATORY DATA ANALYSIS

In this Sectionwe will try to answerthe following ques-
tions: Shouldwe employ nonlinearmodels?Which predictors
could be potentially useful?Finally, we assessthe proposed
modelingsettingsby - -testingdifferentnull hypothesis.

A. Linearity vs. nonlinearity

Following CasdagliandWeigend[2], [3], weuselocal linear
models to test for nonlinearity. They can be consideredas

the local Taylor expansionof the unknown 
 , and are easily
determinedby minimizing
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with respect to =<� and @B� , where C ��������DE� is the D -
neighborhoodof �F� , excluding ��� . This minimizationproblem
can be solved through a set of coupled linear equations,
a standardlinear algebra problem. Then, the prediction isG�����
	H�I=J�+�F�K�L@B� . We computethe normalizedmeansquared
error (NMSE) betweenthe original andpredictedvalues,i.e.,
theMSE dividedby thedatavariance,asa functionof thesizeD of theneighborhoodon which thelocal linearmodelis fitted
[4]. If the optimum occursat large neighborhoodsizes,then
the datawill be (at leastin the embeddingspaceconsidered)
best describedby a global linear model. In contrast,if the
optimumoccursatsmallneighbourhoodsizes,thenanonlinear
deterministic equation of motion will be a more suitable
descriptionof the measureddata.

In the lower panel of Fig. 1 we plot the results for the
original time seriesusing standardtime-delayedembedding
vectorsof dimensions� �NME�"!O!"!BMQP . As we can seein this
figure, for all the dimensionsconsideredwe find the best
modeling performancesfor maximum neighbourhoodsizes.
This implies, accordingto the discussionabove, that a global
linear modelbestdescribesthe raw data.However, this could
be simply due to the high autocorrelationof the big-scale
behaviour of the signal.To study the characterof the small-
scalefluctuationsof ��� , we conductedthesameanalysison the
seriesof first differencesR ���
�L���O;S�����%	 (shown in theupper
panelof Fig. 1). We highlight someinterestingfeatures:first,
noticethat for � �IM (uppercurve) the datalook like random
noise—recall thatunpredictabilityis characterizedby a value
of NMSE=1.However, in higherdimensionsthereis somegain
in NMSE for smallneighbourhoodsizes(noticethatthis series
is overall much less predictablethan ��� ). In conclusion,in
this casethe resultsindicatethe presenceof a weaknonlinear
determinism.This suggeststhat the beststrategy might well
consist of building first a linear autoregressive model to
accountfor the big-scalebehaviour, and then modeling the
remaningunexplained variability with a nonlinearpredictor
(the NMSE levels in the upper panel of Fig. 1 suggestthat



we may expect to explain up to 20-25% of the remaining
varianceif we usedlocal linear models).However, we prefer
thealternative pathof simply gatheringtogetherbig andsmall-
scaleinformation(��� and R �K� , respectively) in a uniquestate-
spacedescriptionof the systemto build a one-shotnonlinear
modelof ��� .
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Fig. 1. Normalizedmeansquarederror asa function of neighbourhoodsize
for TVUAW and embeddingdimensionsXYU[Z to Z]\ . Lower panel:original
time-series.Upperpanel:seriesof first differences.

B. Selectionof relevant predictors

Since the big-scalebehaviour seemsto be only linearly
autocorrelated,for theselectionof relevantpredictorswe focus
on the more interestingnonlinearseriesof first differences.
In Fig. 2 we show the decay of the time-delayedmutual
information [5] of this seriesfor increasingtime-lags, .

We will considerR �����E� to be a relevant predictorof R ���
if the correspondingMI value exceedsa certain threshold.
To fix a concretelower bound, we rank-orderthe obtained
resultsfor MI (shown in the inset of Fig. 2). We arbitrarily
choosethe value P6! PQMQ^ , indicated with a dashedhorizontal
line in both graphs,becauseafter the first _]` most important
predictorsthereseemsto be a small stepdown in relevance
—asmeasuredby MI. This procedurepins out , � _ , 3, 4, 7,
10, 11, 14, 15, 16, 17, 24, 25, 28, 30, and42.

Although thesetime-lagswerechosenby analysing
� R ��� � ,

hereafterwe will assumethat they alsoprovide a sufficiently
sampledrepresentationfor themoreslow, autocorrelated

� ��� � .
We thusproposeto employ

� �����E��� R ����� � � for all , in theset
of 15 lagsmentionedabove.
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Fig. 2. Time-delayedmutualinformation(MI) asa functionof delayT for the
seriesof first differences.The dashedhorizontal line indicatesthe threshold
employed for selectingpredictors.

C. - -Testingthe embeddingframework

1) Inclusion of R ����� � : A first check on the proposed
strategy wascarriedout by testingthenull hypothesesthat the
performanceof a one-shotnonlinearmodelobtainedfrom the
setof inputs

� �����E��� R ����� � � is notbetterthantheoneobtained
from

� ����� � � only (we employ this condensednotation to
indicate that the full set of previously selected15 time-lags
is used).For this we consideredsingle MLPs. We randomly
selected33% of the points in the whole record for testing
purposes,and used the remaining 67% data points to train
MLPs with architectures_]`>ab_ P ab_ and c P ab_ P ab_ . All the
networksweretraineduntil theminimumof thecorresponding
validationseterror wasachieved (“early-stopping”criterion).
These2 settingswererun on parallelon 100differentrandom
splits of the data,in order to producea paired - -test.

To study this issuewe computedthe relative performance
differences

R�dfeQd ��� ChgjiFdlknmpo ; ChgqiFdrknm 7 s mto � e"ChgqiFdrknmpo
betweenthetesterrorsobtainedusingthe

� ����� � � setof inputs
( ChgjiFdlknmpo ) andusingthefull setof inputs( ChgqiFdrknm 7 s mto ).
The results of this - -test were 100% conclusive: in all of
the 100 experimentsthe MLPs trained with

� �����E��� R ����� � �
outperformedthe

� ����� � � fitting. In particular, its predictions
were,on average,2.4% better.

2) Inclusionof data from the future: The gap natureof the
missingdatanaturally raisesthe following question:could a
bettermodelingbe triggeredby the inclusion of information
situated in the future? If so, which “forward” predictors
should be employed? To be consistent,we apply the same
selectioncriterion describedabove. Since MI is by defini-
tion symmetrical,i.e. MI ���<��ub�Y� MI ��u����F� , the time-lagged
mutual information of ��� is invariant under time reversal:
MI ������������� �E�J� MI ������� �2�8�K�]� . Thusthe picturefor threshold-
selectionof forward predictorsis again Fig. 2, and the same
setof 15 relevant delaysmustbe mirrored into the future.



Now we imagine we were to predict a particular miss-
ing value within a gap, say, e.g., the point in the 10th

position counting from the left border. Since for simplicity
we have chosena one-shotprediction strategy, we restrict
ourselves to consideringonly predictors

� �����E��� R �����E� � for
, � _ P6� _Q_ � _]v �"!"!"! v M to forecast��� . More precisely, we ask
ourselves: Is this “past” framework better than the one ex-
pandedby additionof

� �����b��� R �����w� � , , � _Q_ � _]v � _]` �"!"!"! v M ?
To answerthis questionwe have run 100 experimentswith
differentrandomsplitsof thedataasabove, andtrainedMLPs
with architecturesMQM aE_ P a6_ and v M aE_ P a6_ , respectively. The
resultsof the 100 runs are plotted as a histogramin Fig. 3.
As canbe seenin this figure, this inclusion is responsiblefor
a dramaticdifference.In particular, the relative performance
improvementis, on average,50.4%.
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Fig. 3. Relative performancedifferencexzyF{]y after inclusionof datafrom
the future. The resultsof 100 independentrunsareplottedasa histogram.

I I I . FILL ING THE GAPS

As follows from the resultsof the previous Section,it is
convenient to employ both time-delayedand time-forwarded
coordinates����|w��� R ����|<� . We have individually taylored the
concreteembeddingsettingfor eachpredicteepositionwithin
the gaps. Numbering them from 1 to 20, in Table I we
summarizethe temporal location of the predictorsinvolved
in eachcase.Needlessto say, for the last 20 points of the
whole recordwe only employed the pastdelaysquotedin the
secondcolumnof this table.

To producetheconcretefinal predictionswe considereden-
semblesof MLPs, sincethey areknown to performbetterthan
single networks [6]. Always through - -testing,we compared
the advantagesof differentaggregation strategies [7], [8]. We
concludedthat bagging[9] was best suited for the problem
at hand,showing an improvementover single networks that
rangedbetween1% and5%. We found that theerrordecrease
uponaggregationstabilizedaftera small numberof networks,
anda sizeof 10 MLPs was judgedto be enough.

Themodelingerrorsobtainedin thiswayover500randomly
selectedtestsamplesareplottedin Fig. 4 asa function of the

TABLE I

TEMPORAL LOCATION OF THE PREDICTORS INVOLVED IN THE

FORECASTING OF EACH MISSING VALUE WITHIN THE GAPS.

Predicteeposition Past Future

1 }�~]Zt��}��]\t�8�B�B��}�W Z]~p��Z]�t�8�B�B��~�Z
2, 3 }�~]Zt��}��]\t�8�B�B��}�� Z]~p��Z]�t�8�B�B��~�Z
4 }�~]Zt��}��]\t�8�B�B��}�~ W]����Z]~t�8�B�B��~�Z
5 }�~]Zt��}��]\t�8�B�B��}�� W��p�8W]�"�8�B�B��~�Z
6 }�~]Zt��}��]\t�8�B�B��}�� W��p�8W��t�8�B�B��~�Z
7 }�~]Zt��}��]\t�8�B�B��}�� W�~p�8W��t�8�B�B��~�Z

8, 9 }�~]Zp�8}��]\t�8�B�B��}�W�\ W�~p�8W��t�8�B�B��~�Z
10 }�~]Zp�8}��]\t�8�B�B��}�W�\ W]W��8W�~t�8�B�B��~�Z
11 }�~]Zp�8}��]\t�8�B�B��}�W]W W�\p�8W]W"�8�B�B��~�Z

12, 13 }�~]Zp�8}��]\t�8�B�B��}�W�~ W�\p�8W]W"�8�B�B��~�Z
14 }�~]Zp�8}��]\t�8�B�B��}�W�~ ���8W�\t�8�B�B��~]Z
15 }�~]Zp�8}��]\t�8�B�B��}�W�� ���8W�\t�8�B�B��~]Z
16 }�~]Zp�8}��]\t�8�B�B��}�W�� ���8W�\t�8�B�B��~]Z
17 }�~]Zp�8}��]\t�8�B�B��}�W]� ~p�8���B�B�8��~]Z

18, 19 }�~]Zp�8}��]\t�8�B�B��}�Z]~ �p��~p�B�B�8��~]Z
20 }�~]Zp�8}��]\t�8�B�B��}�Z]~ W����p�B�B�8��~]Z

predicteeposition within the missing intervals. In the upper
panelwedepicttheexpecteduncertaintiesover thefirst 4 gaps,
using predictorsboth from the pastand future. In the lower
panelwe comparethis curve againsttheexpectedperformance
over the 5th gap, which canonly be modeledfrom pastdata.

A few commentsare in order at this point: first, besides
the obvious symmetry, in the upper panel we notice a non-
monotonousincreasein NMSE as we incursioninto the gap
from its borderstowardsits centre.For example,the error in
the 7th position is smallerthan in the 6th. To understandthis
behaviour we refer to Table I, wherewe find that in passing
from 6 to 7 we don’t looseany pastpredictorsbut gain two
forward instead,namely �����:	�� and R �����
	*� . In moving one
stepfurther on to position8, the useful informationlocatedat
- ;�� is lost and the error must increaseagain. In the lower
panelwe observe a monotonousgrowth in thepredictionerror
on the lastgapasthepredicteedistanceto the lastknown data
increases.The stepwisenatureof this behaviour is relatedto
the discreteloss of available pastpredictors(seethe second
columnof TableI). As expected,theresultsover thefirst gaps
seemto be consistentlybetterthanover this last interval.

Finally, in Fig. 5 we illustrate the performanceof our
completion procedure.To provide a sound basis for a gap
filling simulation,we have excludedfive equally-spacedblock
intervals of length 20 from the modeling processdescribed
above. We can see in this figure that, as expected, time-
symmetricpredictions(indicatedin black)show a smallermis-
matchthanone-sidedforecasts(grey) nearthe bordersof the
gaps.Black andgrey curvesexemplify possibleperformances
over the first 4 and5th missingintervals, respectively.
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Fig. 4. Estimateddistribution profile of modelingerrorsover thegaps.Upper
panel:first four gaps,double-sidedembedding.Lower panel,opencircles:last
gap, one-sidedembedding.For comparison,the uppercurve is also included
(dots).

IV. CONCLUSIONS

In this work we have presenteda possible forecasting
procedurefor the CATS benchmarktime series prediction
competition.Our approachis simple and can be summarized
as a time-symmetric embeddingof the given time series
and a straightforward application of bagging of multilayer
perceptrons.One-shot forecastingwas performed for each
missingvalueusinginformationbothfrom thepastandfuture,
except for the 5th gap where future information is naturally
unavailable.Dueto timeconstraints,intuition playedanimpor-
tant role in theseveralchoicesthathadto bemadethroughout
the modelingprocess.Now, future researchshouldclarify the
suitability of theseelections.Pendinginvestigationsincludea
more careful selectionof possiblepredictors,a comparison
against iterated forecasting,and finally the implementation
andcomparisonagainstthemoreinvolvedtwo-stagemodeling
strategy suggestedby our exploratorydataanalysis.
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