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Abstract— We presenta possiblestrategy for filling the missing
data of the CATS benchmark time seriesprediction competition.
Our approach builds upon an appropriate embedding of this
time series and the use of bagging of multilayer perceptrons
(MLPs). We exploit time-reversal symmetry for prediction within
the first four gaps, linking the missing state to symmetrically-
located information both in the past and future. One-shot
forecastingis then performed for eachmissingvalue from distant-
enough delays. The suitability of the proposed embedding is
assessecempirically by t-testing the goodness-of-fitof models
built in symmetric versus asymmetric input spaces.Since this
approach cannot be pursued for forecastingthe continuation of
this time series, in the right end we perform standard, non-
iterated forward predictions. Expectederror levels are provided
according to performance on test data.

I. INTRODUCTION

In this paperwe explore a possible forecastingstratgy
for the CATS benchmarktime seriesprediction competition.
Following the usual practice,we start by assumingthat the
underlyingprocesssanbe modeledn a d-dimensionapseudo-
phasespaceaccordingto

Tip1 = f(@e) + 1,

wherex; = (v4, 2¢—7, ..., 7;_(4—1)-) IS the standarchomoge-
neougime-delayecembeddinglefinedby lag 7 anddimension
d [1], f is the —possiblynonlinear dynamicsto be estimated
from the data,andn; is someresidualnoise.However, aswe

shall seein the following Section,after someexploratorydata
analysiswe will build a non-homogeneousmbeddingand
later mirror this framework to exploit time-reversalsymmetry
In the last Sectionwe studythe performanceof ensemble®f

MLPs in predictingthe missingdata.

Il. EXPLORATORY DATA ANALYSIS

In this Sectionwe will try to answerthe following ques-
tions: Shouldwe employ nonlinearmodelsWhich predictors
could be potentially useful?Finally, we assesghe proposed
modelingsettingsby ¢-testingdifferentnull hypothesis.

A. Linearity vs. nonlinearity

Following CasdaglandWeigend[2], [3], we uselocal linear
modelsto test for nonlinearity They can be consideredas
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the local Taylor expansionof the unknawvn f, and are easily
determinecby minimizing

o’ = Z

x;EN(xs,)

(ItJrl — at:cj — bt)z,

with respectto a; and b;, where N(x;,¢) is the e-
neighborhoof x;, excluding ;. This minimizationproblem
can be solved through a set of coupled linear equations,
a standardlinear algebraproblem. Then, the prediction is
ZTer1 = azxy + by. We computethe normalizedmeansquared
error (NMSE) betweenthe original and predictedvalues,i.e.,
the MSE divided by the datavariance asa function of the size
¢ of the neighborhoodn which the local linear modelis fitted
[4]. If the optimum occursat large neighborhoodsizes,then
the datawill be (at leastin the embeddingspaceconsidered)
best describedby a global linear model. In contrast,if the
optimumoccursatsmallneighbourhoodizes thenanonlinear
deterministic equation of motion will be a more suitable
descriptionof the measurediata.

In the lower panel of Fig. 1 we plot the resultsfor the
original time seriesusing standardtime-delayedembedding
vectorsof dimensionsd = 2,...20. As we can seein this
figure, for all the dimensionsconsideredwe find the best
modeling performancesor maximum neighbourhoodsizes.
This implies, accordingto the discussiorabore, that a global
linear model bestdescribeghe raw data.However, this could
be simply due to the high autocorrelationof the big-scale
behaiour of the signal. To study the characterof the small-
scalefluctuationsof z;, we conductedhe sameanalysison the
seriesof first differencesAxz; = z;—x;—1 (Shavn in theupper
panelof Fig. 1). We highlight someinterestingfeaturesfirst,
noticethatfor d = 2 (uppercurwe) the datalook like random
noise—recall thatunpredictabilityis characterizedy a value
of NMSE=1.However, in higherdimensionghereis somegain
in NMSE for smallneighbourhoodizes(noticethatthis series
is overall much less predictablethan x;). In conclusion,in
this casethe resultsindicatethe presenceof a weaknonlinear
determinism.This suggestghat the beststratgy might well
consist of building first a linear autorgressve model to
accountfor the big-scalebehaiour, and then modeling the
remaningunexplained variability with a nonlinear predictor
(the NMSE levels in the upper panel of Fig. 1 suggestthat



we may expect to explain up to 20-25% of the remaining
varianceif we usedlocal linear models).However, we prefer
thealternatve pathof simply gatheringtogethetbig andsmall-
scaleinformation(xz; and Ax, respectiely) in a uniquestate-
spacedescriptionof the systemto build a one-shotnonlinear
model of z;.
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Fig. 1. Normalizedmeansquarederror asa function of neighbourhoodize
for = = 1 and embeddingdimensionsd = 2 to 20. Lower panel: original
time-seriesUpper panel:seriesof first differences.

B. Selectionof relevant predictors

Since the big-scale behaiour seemsto be only linearly
autocorrelatedpr the selectionof relevantpredictorswe focus
on the more interestingnonlinearseriesof first differences.
In Fig. 2 we shov the decay of the time-delayedmutual
information [5] of this seriesfor increasingtime-lagsr.

We will considerAx; ., to be a relevant predictorof Ax;
if the correspondingMI value exceedsa certain threshold.
To fix a concretelower bound, we rank-orderthe obtained
resultsfor Ml (shawvn in the inset of Fig. 2). We arbitrarily
choosethe value 0.029, indicated with a dashedhorizontal
line in both graphs,becauseafter the first 15 mostimportant
predictorsthere seemsto be a small stepdown in relevance
—asmeasuredy MI. This procedurepinsoutr =1, 3,4, 7,
10, 11, 14, 15, 16, 17, 24, 25, 28, 30, and 42.

Althoughthesetime-lagswere choserby analysing{ Az},
hereafterwe will assumehatthey also provide a suficiently
sampledepresentatiofior the moreslow, autocorrelatedz, }.
We thusproposeto employ {x;— ., Az, } for all 7 in the set
of 15 lags mentionedabove.
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Fig.2. Time-delayednutualinformation(MI) asafunctionof delayr for the
seriesof first differences.The dashedhorizontalline indicatesthe threshold
employed for selectingpredictors.

C. t-Testingthe embeddingramevork

1) Inclusion of Az, ,: A first check on the proposed
stratgy wascarriedout by testingthe null hypotheseghatthe
performanceof a one-shotonlinearmodelobtainedfrom the
setof inputs{z; ., Az;_} is notbetterthanthe oneobtained
from {z;_.} only (we emplg this condensednotation to
indicate that the full setof previously selected15 time-lags
is used).For this we consideredsingle MLPs. We randomly
selected33% of the points in the whole record for testing
purposes,and usedthe remaining 67% data points to train
MLPs with architecturesl5 : 10 : 1 and30 : 10 : 1. All the
networksweretraineduntil the minimum of the corresponding
validation seterror was achieved (“early-stopping”criterion).
These2 settingswererun on parallelon 100 differentrandom
splits of the data,in orderto producea pairedt-test.

To study this issuewe computedthe relatve performance
differences

AE/E = (NMSEy; — NMSE(; nzy)/NMSE(

betweerthetesterrorsobtainedusingthe {z; .} setof inputs
(NMSE¢,,) andusingthefull setof inputs(NMSE, ax)-
The results of this ¢-test were 100% conclusve: in all of
the 100 experimentsthe MLPs trained with {z;_,, Az, ,}
outperformedthe {z; .} fitting. In particular its predictions
were, on average,2.4% better

2) Inclusionof data fromthe future: The gap natureof the
missing data naturally raisesthe following question:could a
bettermodeling be triggeredby the inclusion of information
situated in the future? If so, which “forward” predictors
should be employed? To be consistent,we apply the same
selection criterion describedaborve. Since Ml is by defini-
tion symmetrical,i.e. Ml(z,y) = Ml (y,z), the time-lagged
mutual information of z, is invariant under time reversal:
Ml (z¢, 24— ) = MI(z;_-, 2¢). Thusthe picturefor threshold-
selectionof forward predictorsis again Fig. 2, and the same
setof 15 relevant delaysmustbe mirroredinto the future.



Now we imagine we were to predict a particular miss-
ing value within a gap, say e.g., the point in the 10"
position counting from the left border Since for simplicity
we have chosena one-shotprediction strategy, we restrict
oursehes to consideringonly predictors{z;_., Az;_.} for
T = 10,11, 14,...42 to forecastz;. More precisely we ask
ourseles: Is this “past” frameavork better than the one ex-
pandedby additionof {z;,, Axsy .}, 7=11,14,15,...42?
To answerthis questionwe have run 100 experimentswith
differentrandomsplits of the dataasabove, andtrainedMLPs
with architecture®2 : 10 : 1 and42 : 10 : 1, respectiely. The
resultsof the 100 runs are plotted as a histogramin Fig. 3.
As canbe seenin this figure, this inclusionis responsiblefor
a dramaticdifference.In particular the relative performance
improvementis, on average,50.4%.
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Fig. 3. Relatve performanceifferenceAE/E afterinclusionof datafrom
the future. The resultsof 100 independentuns are plotted as a histogram.

I1l. FILLING THE GAPS

As follows from the resultsof the previous Section,it is
corvenientto employ both time-delayedand time-forwarded
coordinatesr;+,, Az,+.. We have individually tayloredthe
concreteembeddingsettingfor eachpredicteepositionwithin
the gaps. Numbering them from 1 to 20, in Table | we
summarizethe temporallocation of the predictorsinvolved
in eachcase.Needlessto say for the last 20 points of the
whole recordwe only employed the pastdelaysquotedin the
secondcolumn of this table.

To producethe concretefinal predictionswe considereden-
semblesof MLPs, sincethey areknown to performbetterthan
single networks [6]. Always through¢-testing, we compared
the advantagef differentaggreation stratgies[7], [8]. We
concludedthat bagging[9] was best suited for the problem
at hand, shaving an improvementover single networks that
rangedbetweenl% and5%. We found thatthe error decrease
uponaggreation stabilizedafter a small numberof networks,
anda size of 10 MLPs wasjudgedto be enough.

Themodelingerrorsobtainedn this way over 500randomly
selectedestsamplesare plottedin Fig. 4 asa function of the

TABLE |
TEMPORAL LOCATION OF THE PREDICTORS INVOLVED IN THE
FORECASTING OF EACH MISSING VALUE WITHIN THE GAPS.

| Predicteeposition Past Future
1 —42,-30,...—1 | 24,25,...42
2,3 —42,-30,...—3 | 24,25,...42
4 —42,-30,...—4 | 17,24,...42
5 —42,-30,...—7 | 16,17,...42
6 —42,-30,...—7 | 15,16,...42
7 —42,-30,...—7 | 14,15,...42
8,9 —42,-30,...— 10 | 14,15,...42
10 —42,-30,...—10 | 11,14,...42
11 —42,-30,...—11 | 10,11,...42
12,13 —42,-30,...—14 | 10,11,...42
14 —42,-30,...—14 | 7,10,...42
15 —42,-30,...—15 | 7,10,...42
16 —42,-30,...—16 | 7,10,...42
17 —42,-30,...—17 | 4,7,...42
18,19 —42,-30,...—24 | 3,4,...42
20 —42,-30,...—24 | 1,3,...42

predicteeposition within the missingintenals. In the upper
panelwe depictthe expecteduncertaintieover thefirst 4 gaps,
using predictorsboth from the pastand future. In the lower
panelwe comparethis curve againstthe expectedperformance
over the 5" gap, which canonly be modeledfrom pastdata.

A few commentsare in order at this point: first, besides
the obvious symmetry in the upper panelwe notice a non-
monotonousncreasein NMSE as we incursioninto the gap
from its borderstowardsits centre.For example,the errorin
the 7" positionis smallerthanin the 6™. To understanchis
behaiour we refer to Table I, wherewe find thatin passing
from 6 to 7 we don't looseary pastpredictorsbut gain two
forward instead,namely z;414 and Az;,14. In moving one
stepfurther on to position 8, the usefulinformationlocatedat
t — 7 is lost and the error mustincreaseagain. In the lower
panelwe obsene a monotonougrowth in the predictionerror
onthelastgap asthe predicteedistanceto the lastknown data
increasesThe stepwisenatureof this behaiour is relatedto
the discreteloss of available pastpredictors(seethe second
columnof Tablel). As expected the resultsover thefirst gaps
seemto be consistentlybetterthan over this last intenal.

Finally, in Fig. 5 we illustrate the performanceof our
completion procedure.To provide a sound basisfor a gap
filling simulation,we have excludedfive equally-spacedtlock
intervals of length 20 from the modeling processdescribed
abore. We can seein this figure that, as expected, time-
symmetricpredictiong(indicatedin black) shov a smallermis-
matchthan one-sidedforecastygrey) nearthe bordersof the
gaps.Black andgrey curvesexemplify possibleperformances
over the first 4 and 5" missingintervals, respectiely.
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Fig. 4. Estimatedlistribution profile of modelingerrorsover the gaps.Upper
panel:first four gaps,double-sidecembeddingLower panel,opencircles:last
gap, one-sidedembeddingFor comparisonthe uppercurwe is alsoincluded
(dots).

IV. CONCLUSIONS

In this work we have presenteda possible forecasting
procedurefor the CATS benchmarktime series prediction
competition.Our approachis simple and can be summarized
as a time-symmetric embeddingof the given time series
and a straightforvard application of bagging of multilayer
perceptrons.One-shotforecastingwas performed for each
missingvalueusinginformationboth from the pastandfuture,
except for the 5" gap where future information is naturally
unavailable.Dueto time constraintsintuition playedanimpor-
tantrole in the several choicesthathadto be madethroughout
the modelingprocessNow, future researctshouldclarify the
suitability of theseelections.Pendinginvestigationsinclude a
more careful selectionof possible predictors,a comparison
against iterated forecasting,and finally the implementation
andcomparisoragainstthe moreinvolved two-stagemodeling
stratgy suggestedy our exploratory dataanalysis.
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Fig. 5. Examplesof imaginarygapsthat were completedaccordingto our

procedureTrue dataareindicatedby a dottedthin blackline, time-symmetric
predictionswith a full thick blackline, and past-basegredictionswith a full
thick grey line.
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