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Ensembles of artificial neural networks have been used in the last years as classification /regression ma-
chines, showing improved generalization capabilities that outperform those of single networks. However,
it has been recognized that for aggregation to be effective the individual networks must be as accurate
and diverse as possible. An important problem is, then, how to tune the aggregate members in order to
have an optimal compromise between these two conflicting conditions. We propose here a simple method
for constructing regression/classification ensembles of neural networks that leads to overtrained aggregate
members with an adequate balance between accuracy and diversity. The algorithm is favorably tested
against other methods recently proposed in the literature, producing an improvement in performance on
the standard statistical databases used as benchmarks. In addition, and as a concrete application, we
apply our method to the sunspot time series and predict the remainder of the current cycle 23 of solar

activity.

1. Introduction

Ensemble techniques have been used recently to im-
prove the generalization capabilities of artificial neu-
ral networks (ANNs).! The motivation for this pro-
cedure is based on the intuitive idea that by com-
bining the outputs of several individual predictors
one might improve on the performance of a single
generic one. Good ensembles must have accurate but
diverse members, which poses the problem of gener-
ating a set of ANNs with both reasonably good indi-
vidual generalization capabilities and independently
distributed predictions for the test points.

The diversity of ANNs comes naturally from
the inherent data and training process randomness,
and also from the intrinsic non-identifiability of the
model. On the other hand, there is a trade-off
between the ensemble diversity and the generaliza-
tion capabilities of the individual networks. Some
attempts?3 to achieve a good compromise between
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these properties include elaborations of bagging* and
boosting® techniques.

We provide here a simple way of generating an
ANN ensemble with members that have a good
compromise between accuracy and diversity. The
method essentially amounts to the sequential ag-
gregation of individual predictors where, unlike in
standard aggregation techniques which combine in-
dividually optimized ANNs,% the learning process of
a new member is validated by the overall aggregate
prediction performance. That is, the early-stopping
method is applied by monitoring the generalization
capabilities of the previous-stage aggregate predictor
plus the network being currently trained (see Section
3). In this way we retain the simplicity of indepen-
dent network training and only the validation process
becomes slightly more involved, leading in general to
some controlled overtraining (”late-stopping”) of the
individual networks.
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We test the proposed algorithm in the regres-
sion setting by comparing it against a standard
bagging technique adapted from Ref. 4, a simple
early-stopping method of individual networks, and
the recently-proposed NeuralBAG algorithm (a de-
scription of these methods can be found in Ref. 2).
For this comparison we use as benchmarks the
Ozone, Boston Housing and Friedman#1 statistical
databases. In addition, we apply the method to the
well-known sunspot time series and compare the re-
sults of our algorithm with those of an optimal en-
semble averaging of independently-trained ANNs.5
The results obtained here for this problem are, to
the best of our knowledge, the most accurate ones
reported in the vast literature on sunspot prediction.

The organization of this work is the following:
In Section 2 we discuss the so called bias/variance
dilemma, which provides the theoretical setting for
ensemble averaging. In Section 3 we present our
method for tuning the individual members of the en-
semble and give some insights to understand how this
method works. Then, in Section 4 we show empiri-
cal evidence of its effectiveness by applying it to the
Ozone, Boston Housing and Friedman#1 databases
and comparing the results obtained with those of
Ref. 2. In Section 5 we consider the sunspot time
series and predict the remainder of cycle 23 of solar
activity. Finally, in Section 6 we draw some conclu-
sions.

2. The bias/variance dilemma

The theoretical framework for ensemble averaging is
based on the bias/variance decomposition of the gen-
eralization error.” Let us consider a set of N noisy
data pairs D ={(t;,x;), ¢ = 1, N}, where the vec-
tors x; of predictor variables are obtained from some
distribution P(x) and the regression targets ¢; are
generated according to

t; = f(x,) + €;. (1)

Here f is the true regression and ¢ is a random noise
with zero mean. If we estimate f using an ANN
trained on D and obtain a model fp, the (quadratic)
generalization error on a test point (¢,x) averaged
over all possible realizations of the data set D (with
respect to P and noise £) can be decomposed as:

E[(t — fp(x))*|D]

= E[e’le] + (E[fp(x)|D] - £(x))*
+E[(fp(x) - Elfp(x)|D])*|D]  (2)

The first term on the right-hand side is simply the
noise variance ¢2; the second and third terms are,
respectively, the squared bias and variance of the es-
timation method. From the point of view of a single
estimator fp, we can interpret this equation by say-
ing that a good method should be no biased and have
as little. variance as possible between different real-
izations. It is in general believed that the first con-
dition is reasonably well met by ANNs; however, as
stated in the introduction, the second one is in gen-
eral not satisfied since, even for a particular data set
D, different training experiments will reach distinct
local minima of the error surface (non-identifiability
of the ANN model).

A way to take advantage of this apparent weak-
ness of ANNs is to make an aggregate of them. If we
rewrite the error decomposition in the form:

E[(t - E[fp(x)|D])*|D]
= Bias® + o2 = Error — Variance, (3)

we can reinterpret this equation in the following way:
using the average E[fp|D] as estimator, the general-
ization error can be reduced if we are able to produce
fairly accurate models fp (small Error) while, at the
same time, allowing them to produce the most di-
verse predictions at every point (large Variance). Of
course, there is a trade-off between these two con-
ditions, but finding a good compromise between ac-
curacy and diversity seems particularly feasible for
largely unstable methods like ANNs. Several ways
to generate an ensemble of models with these char-
acteristics have been discussed in the literature.?:6:8
In the next section we propose a new method and
give some arguments that suggest why it should be
effective; these ideas are later supported by empirical
evidence on synthetic and real-world data.

3. Tuning the diversity of ensemble members

As suggested in the previous section, in order to
improve the generalization capabilities of the aggre-
gate predictor one must generate accurate but di-
verse individual networks. This can be accomplished
by the following procedure:

Step 1: Generate a training set 77 by a bootstrap
re-sample® from dataset D and a validation set ; by
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collecting all instances in D that are not included in
Ti. Produce a model f; by training a network on T}
until a minimum ey, (V1) of the generalization error
on V; is reached.

Step 2: Generate new training and validation
sets T and V; respectively, using the procedure de-
scribed in Step 1. Produce a model f; by training
a network until the generalization error on V5 of the
aggregate predictor 2 = 1/2(f; + f2) reaches a min-
imum e, (V2). In this step the parameters of model
f1 remain constant and the model f, is trained with
the usual (quadratic) cost function on T.

Step 3: Iterate the process until an optimal num-
ber N4 of models are produced. This optimal num-
ber can be estimated by keeping an external valida-
tion set or simply from the behavior of e, (V) as a
function of n.

Notice that in the algorithm described above the
individual networks are trained in the usual way, but
with a late-stopping method based on the current
ensemble generalization performance. The method
seems to reduce the ensemble generalization error
without paying much attention to whether this im-
provement is related to enhancing ensemble diver-
sity or not. We can see that it actually finds diverse
models to reduce the aggregate error as follows. Let
us assume that after n iterations we have an aggre-
gate predictor ¢, which produces an average error
€p, (V) on the validation set V,,. When we train
model fn1, the average validation error on V,; of
the aggregate predictor ¢,4; will be

€pn1(Vni1)
= e nath) F e (a) @
4 2E[(E— fara GO — oal)I(6%) € Vasal).

In general we will have e, ., (Vot1) < ep, (Vas1)
(otherwise enlarging ¢, would be useless) and we
expect €y, (Vat1) < ef,+1(Vat1) due to the over-
training of model f,4+1 (see next section). Then

E[(t — fas1(x))(t = 0n(x))|(t,%x) € Viqi]
< egat1(Var1), (5)

which is only possible if f,,1; is at least partially an-
ticorrelated to the aggregate ¢,,. This analysis shows
that at every stage the algorithm is seeking a new di-
verse model anticorrelated with the current ensem-
ble. In the next section we will show how this heuris-
tic works on real and synthetic data corresponding

to the Ozone, Boston Housing and Friedman#1 sta-
tistical databases.

4. Evaluation on benchmark databases

We have used three regression problems to eval-
uate the algorithm described in the previous section:
the real-world Ozone and Boston Housing and the
synthetic Friedman#1 data sets. We compared our
method against a ”Simple” early-stopping method
of individual networks, a so called ”Benchmark”
technique adapted from Ref. 10, and the recently-
proposed NeuralBAG algorithm. Descriptions of the
three methods can be found in Ref. 2. In order
to compare the different methods’ performances we
used the same training process of individual networks
for all of them, changing only the stopping point se-
lection criterion. We also set N = 30 to allow di-
rect comparison with results in Ref. 2, although this
number of networks is not necessarily optimal for our
method. All the results quoted below correspond to
the average over 50 independent runs of the whole
procedure, without discarding any anomalous case.
Notice also that the indicated standard deviations
only characterize the dispersion in performances due
to different realizations of training and test sets; they
have no direct relevance in comparing the average
performances for different methods since in each run
all of them use the same data.

e Ozone

The Ozone data correspond to meteorological in-
formation (humidity, temperature, etc.) related to
the maximum daily ozone (regression target) at a
location in the Los Angeles basis. Removing miss-
ing values one is left with 330 training vectors,
containing 8 inputs and 1 target output in each
one. The data set can be downloaded by ftp (to
ftp.stat.berkeley.edu/pub/users/breiman) from the
Department of Statistics, University of California at
Berkeley.

Like in Ref. 2, we have considered ANN architec-
tures with 5 hidden units trained by the backprop-
agation rule with learning rate 0.1 and momentum
0.2. Furthermore, we performed the same (random)
splitting of the data into training, external validation
(for the Benchmark technique) and test sets contain-
ing, respectively, 125, 125 and 80 patterns.
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From Table 1 we can see that the average mean-
squared error obtained with our method is smaller
than the corresponding errors produced by the Sim-
ple and NeuralBAG algorithms, and only slightly
bigger than that of the Benchmark algorithm (which
uses information contained on a dataset twice as
large as the other methods). Furthermore, our
method performs better than the Simple one in 36
out of 50 runs.

¢ Boston Housing

This data set consists of 506 training vectors,
with 11 input variables and 1 target output. The
inputs are mainly socioeconomic information from
census tracts on the greater Boston area and the
output is the median housing price in the tract. It
can be downloaded from the UCI Machine Learn-
ing Repository (ftp to ics.uci.edu/pub/machine-
learning-databases).

We followed again the experimental setting in
Ref. 2, and considered 200 training examples and
106 data points for the test set, with the remaining
200 examples used as an external validation set for
the Benchmark technique. Networks with 5 hidden
units were trained by the backpropagation rule with
learning rate 0.1 and momentum 0.2.

In this case our method has the best performance,
even better than the Benchmark technique. Further-
more, it outperforms the Simple method in 35 out of
the 50 runs.

¢ Friedman#1

The Friedman#1 synthetic data set corresponds
to training vectors with 10 input and 1 output vari-
ables generated according to

t = 10sin((z,22)+20(x3—0.5)2+10z4+5z5+7, (6)

where 7 is Gaussian noise with distribution N (/, 00)
and x4, .., 210 are uniformly distributed over the in-
terval [0,1]. Notice that zs,..,210 do not enter in
the definition of ¢ and are only included to check the
prediction method’s ability to ignore these inputs.

We generated 1400 sample vectors and randomly
split the data into training, external validation and
test sets containing, respectively, 200, 200 and 1000
patterns. We considered ANNs with 6 hidden units,
with a learning rate of 0.1 and a momentum of 0.9
for the backpropagation rule.

The corresponding average mean-squared errors
on the test set are given in Table 1, where we again
include the performances of the other methods con-
sidered in Ref. 2 for comparison. In this case our
algorithm produced the best performance and also
a more than 20% reduction on the standard devia-
tion of ensemble errors. In particular, it outperforms
Simple in 44 out of the 50 runs.

Finally, it is of interest to consider the average
number of training epochs that individual networks
have to be trained before being aggregated to the
ensemble. Table 2 gives these figures for the differ-
ent methods considered and shows that both Neural-
BAG and the algorithm here proposed lead to an im-
portant overtraining (late stopping) compared to the
Simple and Benchmark methods (which essentially
correspond to the standard early-stopping method
of single networks).

Table 1. Mean-squared test errors averaged over 50 runs
corresponding to five different algorithms for ensemble
learning. The Simple, Benchmark and NBAG algorithms
are described in Ref. 2; the results for Single correspond
to the average performance of a single ANN. The stan-
dard deviations only characterize the performance fluc- -
tuations due to different realizations of training and test
sets.

Method Ozone Boston Friedman#1
Simple 1891 £3.21 14.78 £6.97 249 £ 045
Benchmark 18.48 + 3.03 14.50 £ 6.70 2.43 £+ 0.38
NBAG 18.72 £ 3.22 1496 £ 740 2.50 £ 0.48

Single 21.55 £ 4.15 19.95 £8.87 4.82 %+ 1.54
This Work 18.59 £3.20 14.46 £6.89 232 £ 0.35

Table 2. Average number of training epochs of individual
networks required by the different aggregation methods
considered.

Dataset Simple Benchmark NBAG This Work

Ozone 2318 2173 3194 3927
Boston 3879 3722 4955 5460
Friedman#1 7640 6935 14692 17510

5. Application: The sunspot time series

Sunspots are dark blotches on the sun whose
mechanism for appearance is not exactly known.
Yearly averages of the number of sunspots have
been recorded since 1700, and this time series has
served many times as a benchmark in the statistical
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literature.!11%13 Here we will apply the method de-
scribed in the previous section to the sunspot time
series in order to compare its performance with that
of an optimal ensemble averaging of independently-
trained ANNs.5

We used the records in the period 1921-1955 as
the test set and the remaining ones as training set.
Moreover, in order to compare with other ANN stud-
ies we considered feedforward networks with 12 in-
put, h hidden and 1 output neurons, and took alter-
natively h = 3 or 4 as described below. Results are
appraised in terms of the average relative variance

ARVs = éE[(ti — fE) o x) €S (7)

where S is either the training or test set and oy its
standard deviation. Here x; = (8i—1, 8i—2, .-, 8i-12)
is an input vector, ¢; = s; the associated target out-
put and s; the mean annual sunspot number for year
i.

For the test set above defined, some of the best
performances on sunspot numbers reported in the
literature correspond to the threshold autoregressive
(TAR) model!? (ARV1921_1955 = 0.097), single ANN
approach with weight decay'® (ARViga1_1955 =
0.082), and an optimal ANN ensemble averaging®
(ARVig21-1955 = 0.0713 for feedforward networks).
In this latter case the authors trained several 12:4:1
networks with small learning rates (the result quoted
corresponds to n = 0.001) and a large number of
training epochs (Ng = 150,000). Then, they recon-
structed the performance of the aggregate predictor
on a random validation set V' with 35 points, follow-
ing its evolution with the number of training epochs
of the individual members. Finally, they chose as
stopping point of the training processes of all the
networks the number of epochs corresponding to the
minimum of the aggregate predictor error on V.

In order to compare with Ref. 6, we have consid-
ered the same network architecture (12:4:1), learn-
ing rate (n = 0.001) and maximum number of
training epochs (Ng = 150,000). We generated
an aggregate predictor according to the algorithm
described in Section 3, using Ny = 30. The av-
erage over 25 independent runs of the whole pro-
cedure produced AR‘/1921_1955 = 0.0636 :|:0.0036,
which compares favorably with the corresponding
result ARVigo1_1955 = 0.0713 in Ref. 6 (notice
that the quoted ARV values are normalized us-

ing the complete record variance 0% = 1535 as in
Ref. 6, to allow a direct comparison with this work).
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Fig. 1. Predictions for years 1999/2000 and the remain-
ing part of cycle 23 of solar activity. Black dots are the
average prediction of the 10 experiments performed and
the gray zone indicates the 20 deviation from this av-
erage value.

We have also considered the actual task of pre-
dicting the remaining part of the current solar cycle
23. Here we took the intervals 1700-1975 and 1987-
1998 as data set, and left out cycle 21 corresponding
to the period 1976-1986 (which is somehow similar
to the current one) for testing. In this preliminary
study we used a much smaller maximum number of
training epochs (Ng = 5000), a larger learning rate
(n = 0.01, and a much smaller Ny = 4 (estimated
from the performance on cycle 21). We performed
10 runs of the whole procedure, considering a 12:3:1
network architecture. This experimental setting was
chosen in order to compare with results of previous
ANN studies of this problem.'* The experiments pro-
duced an average ARVig76—1986 = 0.116 on the test
set, with maximum and minimum values of 0.127
and 0.111, respectively. The average performance
of a single network was 0.124. Our forecasts for
years 1999/2000 and the remainder of the current
solar cycle 23 are shown in Fig. 1, together with
the actual observations for years 1999/2000 for com-
parison. This figure gives the average prediction of
the resulting 10 models and the +2¢ deviation from
this average. In spite of the fact that the predicted
sunspot numbers for years 1999/2000 are not very
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close to the observed values, our result for the max-
imum of the current solar cycle is among the most
accurate ones in the literature (see Ref. 14 for an
account of previous works on this problem).

6. Conclusions

We proposed a simple method for balancing di-
versity and accuracy of ANN ensemble members. At
every stage, the algorithm seeks a new member that
is at least partially anticorrelated with the previous-
stage ensemble estimator. This is achieved by ap-
plying a late-stopping method in the training pro-
cess of individual networks, leading to a controlled
level of overtraining of the ensemble members. The
algorithm retains the simplicity of independent net-
work training and, moreover, it largely reduces the
computational burden compared to other algorithms
like NeuralBAG or the method proposed in Ref. 6
(which require saving the intermediate networks dur-
ing training, since the selection of stopping points
for the ensemble members is performed only at the
end of all the training processes). Our method is
a stepwise construction of the ensemble, where each
network is selected at a time and only its parame-
ters have to be saved. We showed, by comparison
with other methods proposed in the literature, that
this strategy is effective, as exemplified by the re-
sults on three standard statistical benchmarks, the
Ozone, Boston Housing and Friedman#1 datasets,
and on the sunspot time series. We also presented
results for the real task of predicting the remainder of
the current cycle 23 of solar activity. The results are
encouraging and we are presently performing a more
extensive check of the algorithm on new databases
and different learning conditions.
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